We discuss the gravitational field of a vacuum spherically symmetric spacetime for an alternative theory of gravity where its metric is a unimodular density tensor of rank (0,2) and weight -1 2 .
Introduction
Unimodular theory of relativity was an alternative theory of gravity considered by Einstein in 1919. It turned out that it is equivalent to general relativity with the cosmological constant appearing as an integration constant. In this theory the determinant of the metric does not serve as a dynamical variable [1, 2, 3, 4, 5, 6] .
We begin by noticing that in special relativity the Jacobian of all the concerned transformations are equal to one. So in the domain of special relativity all the related tensors may be considered as a density tensor with an arbitrary weight without facing any problem. In general relativity where there is no constraint on the Jacobian this replacement will cause significant changes in the obtained equations. The starting point is that we propose the metric to be considered as a density symmetric tensor of rank (0,2) and weight − 1 2 , denoting it by µν . Its determinant is a scalar and we take as our second assumption that it is not a dynamical variable. So without loss of generality we may normalize it to one. The metric compatibility condition is supposed to hold for the new metric too. In short we may summarize:
µν , symmetric density tensor of weight − 1 2 (1.1)
∇ λ µν = 0 (1.
3)
The inverse of the metric µν is a density tensor of rank (2,0) with the weight + Adding Eqs. (1.5) and (1.6) and subtracting Eq. (1.7) gives
Multiplying Eq.(1.8) by νκ leads to
Eq.(1.9) does not fix all the components of the connection in terms of the metric and its derivatives rather Γ ρ ρλ remain undetermined. Since the determinant of µν is taken to be one this automatically yields the following condition for the variations of µν µν δ µν = 0 (1.10) which is a required condition for the unimodular relativity. Using the connection (1.9), we may define the Riemann curvature and Ricci tensors respectively by: Since d 4 x is a density scalar of weight -1 , it is no longer possible to use determinat of µν to construct a scalar.
Action
Let us consider gravitational fields in the absence of matter and other kinds of sources. Ê and d 4 x both are density scalars of weight We may define the action as;
where κ is a constant. It is a functional of the metric, its first and second derivatives, and the unspecified connections Γ ρ ρλ and its first derivatives. It is somehow similar to Palatini approach where both metric and the connection are considered as independent dynamical variables. Here our dynamical variables are µν and Γ ρ ρλ . The variations of the action with respect to the first leads to
while its variations with respect to the second gives
Generally we have
The variation of Γ κ µν with respect to Γ 
The variation of the action with respect to metric and applying the unimodular condition Eq.( 1.10) by the method of Lagrange undetermined multipliers and inserting field equation (2.6) leads to
It is worth to notice that Eqs.(2.6) and (2.7) are consistent with the Bianchi identity. Field equation (2.7) is traceless and since Ê is a density scalar so Eq.(2.6) is not a trivial relation.
For the next we are going to find the analog of schwarzschild spacetime in this alternative theory. That is to find the solution of Eqs.(2.6) and (2.7) for a spherically symmetric spacetime.
Spherically Symmetric
In Schwarzschild solution the starting ansatz is that there exits a spherical coordinate system x µ = (t, r, θφ) in which the line element has the form [7, 8] 
If we define µν = The nonzero components of the connection by using Eqs.(1.9),(3.2) and(3.3) are as follows;
(′)denotes derivative with respect to r. By inserting Eq.(3.4) in Eq.(1.12) we obtain the components of Ricci tensor as follows:
As it is evident from Eqs. 
{(
With some manipulation Eq.(3.13) takes the form;
The 
Using Eq.(3.20), Eq.(3.14) for Êcan be written as 
Then we may combine Eqs.(3.27)and (3.28) to obtain
Since we have
Eqs.(3.29) and (3.30) imply that
Eq.(3.31)can be easily integrated with respect to r, then it results 
where C ′ = C 8 , α andβ are constants of integration. Newtonian limit reruires that
Applying condition (3.38) to the Eq.(3.37) implies that
Here α has the dimension [L] −2 and may be called the cosmological constant. So we may take
and we will have
A special case of this general solution is when Λ = 0, 
holds for the hole range of r. Eq.(3.45) can be rewritten as
Eq.(3.47) implies that Eq.(3.45) will be true for the hole range of r if we take
Newtonian and Post-Newtonian limits are not sufficient for fixing C ′ , i.e. we should keep the terms at least of the order r −3 . If we assume that the condition (3.48) holds then A and B will be analytic on the hole range of r. Considering a null radial geodesic, its line element gives
Let us define the new parameter R = (r 3 + C ′ ) So in a behaviour completely different from Schwarzschild solution Ê is not zero in the neighbour of the source but rather behaves as Eq.(3.60). We should not forget that Ê is a density scalar.
Remarks
The result are so encouraging that the version of this alternative in the presence of matter worth to be investigated. Fixing C ′ by applying proper tests is another remained task.
